Different methods for allocating the joint costs of water supply projects among users are compared on the basis of certain commonsense principles of equity. We contrast the separable costs-remaining benefits (SCRB) method with simple proportional allocation schemes and more sophisticated methods from cooperative game theory, including the Shapley value and variants of the core. Advantages and disadvantages of the methods in practice are examined using a regional water supply system in Sweden. It is argued that these principles provide a useful framework for choosing intelligently among methods. The appropriateness of a method depends on the context, especially on the reliability of information about costs and demands. The conclusion is that there is no one best method, although from a normative standpoint the SCRB method may be one of the worst.
The complexity of the cost allocation problem has led some authors to conclude that there is no economically justifiable way to allocate joint costs [see Ransmeier, 1942; Thomas, 1974] . Nevertheless, in practice the costs of a project must usually be allocated in some way among the beneficiaries. The purpose of this paper is to compare the merits of traditional methods of allocating costs with several well known and other lesser known methods from cooperative game theory. The analysis consists of two parts. First, we discuss certain established principles of 'fairness' by which the different methods can be judged. Second, we compare the solutions given by each method for an actual example: a cost-sharing problem among a group of municipalities in Sweden who wish to develop a joint municipal water supply. The object of this analysis is not to provide a strict axiomatic characterization of methods but rather to explore their behavior in practice. Our conclusion is that of the traditional approaches, proportional allocation according to a single numerical criterion may be preferable to the more complicated SCRB method, provided that the proportionality criterion seems fair and the accuracy of the values is not open to dispute. The SCRB method is shown to be seriously flawed in that it is not monotonic in total costs: that is, an increase in total costs may result in some participants having to pay less than before; this is due to the ad hoc way in which marginal costs are introduced. The game theory methods require more information and are more complicated; moreover, one of the best known of these methods, the nucleolus, is also not monotonic in total costs. By contrast a lesser known variation of the nucleolus, the proportional nucleolus, passes most of the tests of fairness considered here and would appear to merit serious consideration for cost allocation in water resources development.
JOINT COST FUNCTIONS
Consider three neighboring municipalities, A, B, and C, who can supply themselves with municipal water either by building separate facilities or by building a joint water supply facility. We suppose that the joint facility is cheaper to construct than the separate projects due to economies of scale. The quantity of water to be supplied to each municipality is assumed given. The problem is then how to divide the costs among them. Table 1 shows the population of each municipality, the amounts of water to be supplied in each, and the unit costs of building separate facilities for each. Table 2 shows the costs of supplying the target amounts for different combinations. All possibilities are considered: A and B build a joint facility and C goes alone; B and C cooperate and A goes alone, and so on.
The cost figures show that building a facility to serve all three communities will be 1.6 x 106 dollars cheaper than if three separate facilities were built. However, A and B together can also realize savings of $400,000 without including A. A and C, being geographically separated by B, cannot do any better by building a joint facility than they could by building separate facilities. The most cost-effective way of supplying water would be to build a joint facility serving all three communities.
More generally, let {1, 2, ß ß ß , n} = N represent a group of prospective participants in a cooperative venture to provide a product or service to members of the group. The cost of serving a subgroup $, denoted by c($), is found by considering the least cost alternative of providing the same service, either jointly or singly, to the members of $ independently of how the others are served. The joint cost function c(S) so defined must be subadditive, i.e., must satisfy c(S) + c(T) > c(S tO T) for any two nonoverlapping groups S and T, because the ways of serving $ together with T include the possibility of serving $ alone and T alone. Thus in the above example, municipalities A and C would find it quite costly to build a single joint facility because of their geographical separation; hence the least cost alternative would be to build one facility for A and another for C.
If the cost of serving any group of users is simply the sum of the costs of serving them singly, then the cost allocation problem is trivial. The more interesting and more typical case arises when the cost of serving several users by some joint facility is less than the sum of serving them singly, that is, c(N) < •;NC(i). The cost savings that would result from cooperating in a coalition S instead of going alone are v(S) = 5; c(0 -c(S) -> 0 s The function v is called the cost savings game. To illustrate the different situations that can arise, suppose that the cost of serving a group S depends only on the number of members of S and that the cost savings are greatest for larger groups due to economies of scale. One possibility is that the cost savings increase at a greater rate with each additional participant. Another, perhaps more typical situation is that the rate of increase first rises, then falls, as shown in Figure   1 . Justifying a fair allocation of costs is considerably more difficult in the latter case than in the former.
PRINCIPLES OF EQUITY: THE CORE
'Equity' can have a wide range of meanings. When considering what it means for a cost allocation to be equitable, it is first helpful to ask ourselves why it should be equitable. The answer is, to encourage the agreement or cooperation of those who pay the costs. Thus a reasonable test of the equity of a method is to see whether the participants agree in principle to the proposed allocation of costs.
In practice one of the most common ways of achieving agreement on the distribution of costs is simply to allocate the costs in proportion to a criterion which stands for benefits received, such as use of facilities, number of users, or indeed, the benefits themselves•if they can be reliably estimated. Ersatz measures of benefits may actually be the more persuasive simply because their magnitudes are less open to dispute. This is the case in the municipal cost sharing problem discussed in section 7. Here the costs to be shared relate to long-term investments and future demand is conjectural at best, so the populations of the municipalities have been used as the basis for allocation.
One difficulty with allocating costs in this way is that it may conflict with some participants' perceptions of selfinterest and hence may not provide sufficient incentive for cooperation. In the municipality example above, an allocation of costs according to populations would result in the shares (in millions of dollars) 7.067 for A, 2.827 for B, and 0.707 for C. However, municipality A would find it hard to accept such an allocation, since it could provide the same amount of water on its own for only $6.5 million. An allocation made on the basis of use gives the shares 7.420 for A, 2.544 for B, 0.636 for C. A is even worse off by this allocation.
The difficulty with. 'proportional' allocation methods is that they ignore one of the fundamentals of the problem: the alternative costs embodied in the joint cost function c(S). It is a minimum requirement of a fair allocation that it be individually rational: no user Should 'pay more in the joint venture than he would have to pay on his own. This principle was stated by Ransmeier [1942] There is an obvious extension of this idea to groups. For example, the marginal cost of including the group {A, B• is $10.6 -$1.5 -$9.1 million. The principle of marginal cost coverage states that every group of users should be charged at least the additional cost of serving them. This is only fair, since if y^ + y• < 9.1, then C would be subsidizing A and B. The idea of finding prices in which users do not subsidize each other in the use of a given public service or facility is also well known in the theory of regulated public utilities [Faulhaber, 1975; Zajac, 1978] .
Stated in general terms, the marginality principle is that a cost allocation y should satisfy
The argument for group rationality is based on strategic considerations, i.e., providing sufficient incentive to prevent users from withdrawing, while marginality can be viewed as a general concept of fairness that can be applied even if cooperation is mandated. However, an inspection of these two ideas reveals that they are in fact equivalent, given that all costs must be allocated, i.e., that •;NYi = c(N). In game theory it is customary to interpret the two equivalent conditions (1) and (2) The core provides a guideline for cost allocation by narrowing down the class of acceptable imputations, but it does not usually identify a unique answer. However, there is always the unfortunate possibility that there may be no core imputations; that is, no cost allocations that are either group rational or satisfy marginality. That this can happen in perfectly reasonable situations may be seen from Figure 1 .
Here there are increasing returns to scale, but the rate of increase first rises, then falls. The minimum savings that can be realized by all seven users together is 63, but no matter how these savings are distributed, some group of five will receive at most 45, even though they could save more (i.e.,
48) as a subcoalition.
In such an example a quick test to see whether the core is empty is to draw a line from the origin to the point corresponding to the total number of users; this line segment must lie above the savings curve for the core to be nonempty [Shapley and $hubik, 1973] . In more complicated examples the feasibility of condition (3) can be checked using linear programing. In the three-municipality example the core is small; if the total cost c(A, B, C) had happened to be $12.0 million instead of $10.6 million, the core would have been empty. Thus core imputations are not bound to exist; however, the greater the economies of scale, the more likely core imputations are to be present. Moreover, when core imputations exist, they are typically not unique.
METHODS EXTENDING THE CORE
One approach to resolving the twin difficulties of nonexistence and nonuniqueness has been to look for some natural way of strengthening (or relaxing) the inequalities defining the core. This is one of the most common approaches in the game theory literature. Three such methods will be discussed here: the least core and its specialization, the nucleolus, and two variations: the weak least core and weak nucleolus, and the proportional least core and proportional nucleolus.
The Least Core and Nucleolus
If the core of the cost savings game v is empty, the best alternatives of some subgroups are very good---in a certain sense 'too' good---relative to the best alternative of the whole group. Hence we might consider imposing a tax on all proper subgroups as a way of encouraging the whole group to stick together. The least core is found by imposing the 
THE SEPARABLE COSTS-REMAINING BENEFITS (SCRB) METHOD
The last method to be considered here is one commonly used in practice for allocating the costs of multipurpose water development projects. The SCRB method is based on the simple and appealing idea that joint costs should be allocated, more or less, in proportion to the willingness of the user to pay. The 'more or less' element is introduced because the proportional allocation is only performed after first assigning to each user his marginal (or separable) cost and then taking as the criterion of proportionality each user's willingness to pay minus the marginal cost already allocated. Variations of the SCRB method include proposals for allocating the nonseparable costs in proportion to some criterion, such as use, priority of use, or population [James and Lee, 1971 ]. The difficulty with the SCRB method is that the simple underlying idea of allocating costs in proportion to benefits is lost by the ad hoc introduction of marginal costs; this leads to some strange results, as will be shown in section 8.
A CASE STUDY OF SWEDEN
The area studied consists of 18 municipalities in the Skfine region of southern Sweden (Figure 2 ). At present, most of the municipal water supply is drawn from three sources: local groundwater, and two separate pipeline systems which distribute water from two lakes, Vombsj6n and Ringsj6n.
As early as the 1940's certain municipalities in the area realized that local water sources might not be sufficient to meet future demand and turned their attention to off-site sources. An association called the Sydvatten Company was formed by several of them to plan the long-term water supply for the region. In the late 1960's this group started to design a major project for obtaining water from a lake outside the region (Lake Bolmen) via an 80-km tunnel.
The viability of the project depends on the number of additional municipalities that can be induced to participate in the project. This in turn depends on how much these municipalities will be obliged to pay for participation, bearing in mind the availability and costs of developing their own on-site resources. Moreover, there have been several unforeseen developments since the initiation of the project (e.g., greatly escalated costs, more optimistic estimates of local resources, and lower rates of demand growth), and these have brought the present population-based cost allocation procedure into question. The basic concepts and methods developed in the preceding sections can be illustrated by applying them to the Swedish case over the decade 1970-1980, since data and forecasts for this period are readily available. The Sydvatten tunnel project mentioned earlier is not expected to have any impact on water supply until the late 1980's, and so only conventional alternatives can be considered for meeting incremental demands over the period studied (e.g., extending the capacity of the pipeline system and increasing the use of local groundwater sources where feasible). The base year was taken to be 1970, and a water supply system was designed to satisfy the municipal 'requirements' for 1980 as they were forecast in 1970. The different cost allocation methods described above were then applied to the system to examine the relative positions of the different municipalities. The results help clarify the way in which the different methods work, and why some of them may be preferable to others in practice.
Identifying Independent Actors
The first problem in defining the cost function is to identify the independent actors in the system. To develop the costs for each of the 2 •8 -1 = 262,143 possible groupings of the 18 municipalities would be impractical and unrealistic. In practice the municipalities fall into natural groups based on past associations, geographical location, existing water transmission systems, and hydrological and geographical features determining the natural routes for water transmission networks.
A careful study of these conditions led to the grouping of the 18 municipalities into six independent units as shown in Figure 2 . Group H, for example, consists of those municipalities which were already connected by the Ringsj6n water supply system in 1970, together with the municipality of Sva16v, which would be located in the middle of the main transmission route. These groups are treated as single actors in the following analysis of alternative costs. Once a cost allocation for the groups has been determined, a further allocation of costs among the municipalities within each group could be made using a similar approach; however, this may not give the same result as if all municipalities were treated separately. The 1970 populations and forecast incremental water demands of each group are shown in Table 4 .
Ambiguities in Defining the Cost Function: Direct Costs
In practice, ambiguities in defining the cost function arise due to the problem of direct costs, that is, costs that would be incurred by a given municipality no matter what course of action is pursued. For example, local water distribution systems are required within municipalities whether the water is supplied jointly or separately. The cost associated with municipal distribution systems may therefore be regarded as a direct cost. In principle these costs could be excluded from the cost function on the grounds that they can be allocated independently. However, in practice the borderline between direct and indirect costs is not always clear. In some municipalities, for instance, the water delivered by the regional supply network must first be pumped up to a reservoir before distribution within the municipality; the facilities required for pumping depend on the pressure at the end of the transmission network. Thus the costs of these distribution facilities may not be independent of the method by which the water is supplied. The definition of the cost function naturally depends on the fraction of these costs treated as direct costs.
Since the definition of the cost function is always somewhat arbitrary in practice, it is desirable to choose a cost allocation method that is insensitive to the inclusion of direct costs. One of the difficulties of the SCRB method is that in some cases it is sensitive to the inclusion of direct costs.
None of the game theory methods considered here suffers from this drawback.
Calculating the Cost Function
The water supply system includes two lakes (VombsjOn and RingsjOn), one major groundwater aquifer (Alnarp), and other minor on-site sources. The possible routes of a water transmission network (based on a preliminary analysis) are shown in Figure 2 . To avoid inconsistencies in defining the cost function, it was assumed for the purpose of this study that the pressure at each demand point does not depend on the method by which the water is transmitted to that point.
Thus the cost of distributing the water within each municipality does not depend on the arrangement by which the water is supplied, so this element can be treated as a direct cost and excluded from the cost function. The water delivered to each municipality was assumed to be of the same quality. The water was treated to bring it up to this level at the source, and the cost of treatment was included in the cost function.
Cost functions for transmitting and treating water were computed using standard formulas (see Appendix A), and the total costs c(S) associated with the least cost combination of alternative supply sources were estimated for each coalition S. The results are shown in Table $ The cost function reveals the relative strength of the different actors, which depends on factors such as the cost and availability of local resources and access to the resources of others. For example, L finds that the unit cost of going alone is high; though it is located close to the major regional sources (RingsjOn and VombsjOn), it owns neither. Hence it has a strong incentive to participate in a joint scheme with the owners of the two sources, H and M. H and M have the lowest unit costs because they own the two systems, but they can reduce their unit costs even further by including other municipalities in a joint scheme, due to economies of scale. However, the system owned by H (RingsjOn) has a greater excess capacity than that owned by M (VombsjOn). Hence the incremental cost of other municipalities joining in a coalition with M is higher than the incremental cost of joining with H. The effect is that H has more to offer its partners in a coalition than does M, and this will be reflected in the final cost allocation.
COMPARISON OF METHODS
Using the cost function developed above, we now compare the cost allocations of the different methods described in the preceding sections. We assume that all groups participate in a joint scheme at a total cost of Skr 83.82 million (Skr = Swedish kronas). The results obtained from the two proportional allocation schemes based on demand and population and from the SCRB method are shown in Table 6 , as are the Shapley value, the nucleous, the weak nucleolus, and the proportional nucleolus. The cost shares allocated to each group by the seven methods are shown in Table 7 for ease of comparison. Note that the 'proportional' allocations differ markedly from the others. A comparison of the proportional allocations with the costs of going alone reveals that these methods would charge some participants in the joint project more than they would have had to pay on their own. Allocation by demand penalizes M for participating, while allocation by population penalizes both H and M. This failure to satisfy the requirement of individual rationality is based on the fact that proportional methods do not take into account crucial differences among the participants in their access to sources of supply. The proportional procedures work against H and M, which have large populations, and favor the outlying regions A and T. The inclusion of A and T is relatively costly, despite their smaller populations, because they are both remote from the major sources of supply. This fact is reflected in their high marginal costs (Table 6) . Though A and T should be charged at least the marginal cost of including them, both proportional methods fail to do so. This is one serious disadvantage of the proportional allocation methods. Seemingly more reasonable than the proportional schemes, but actually almost as ill behaved, is the SCRB method. This method is individually rational only if the alternative costs are less than the corresponding benefits (as assumed in the present case); otherwise this may not be so. It also may not satisfy group rationality. For example, the three adjacent municipal groups H, K, and L can provide municipal water for themselves at a cost of Skr 27.26 million, but the SCRB method would assess them a total of Skr 29.80 million if they all shared in a regional facility. It would not be in the interest of H, K, and L to participate on the basis of such an assessment because they are then, in effect, being forced to subsidize the other participants. Since there exist assessments in which no coalition subsidizes any other, such an allocation could be considered inequitable.
That the SCRB method suffers from this defect is not surprising, since it considers only the marginal costs of including individual participants, not the marginal costs of coalitions. In this case the marginal cost of including both M and T is much higher than the sum of their individual marginal costs, since if one is already being served, the additional expense of serving the other (or individual marginal cost) is low. Thus while it is not necessary to estimate all cost elements in order to calculate the SCRB allocation, this shortcut has a price' it may result in a less equitable final distribution.
By contrast, a calculation of the Shapley value requires the alternative costs for all possible subsets. Unfortunately, however, this allocation also fails the group rationality and marginality tests. In particular, the Shapley value assesses the coalition HKL at Skr 430,000 more than its alternative cost Since group rationality and marginal cost coverage seem to be essential from the Standpoint of equity, that is, to provide sufficient incentives for. cooperation, the remaining three methods, the nucleolus, weak nucleolus, and proportional nucleolus, are potentially more desirable than those discussed above, as they always produce a core imputation if one exists. Is there any basis for preferring one method to another?
A general point raised in the early study by Ransmeier [1942] is that a method should be able to adapt to changing conditions. The need for adaptability is evident in the fact that, typically, total project costs are not known precisely until after the project has been completed. Since the cost allocation method is usually agreed upon before the project has been started, it must specify how different levels of total costs should be allocated. Such an agreement will initially be based on some best estimate of the costs of alternatives, but once an agreement has been reached, the alternatives must be abandoned. It is therefore sufficient that a method specify how different levels of total costs should be allocated for fixed levels of alternative costs.
An elementary requirement of any such method is that ff total costs increase then no participant will be charged less; conversely, if total costs decrease, no participant will be required to pay more. This property is called monotonicity [Megiddo, 1974] Several of the methods considered so far do not possess this fundamental property. As an example, suppose that the total cost of the Swedish project involved an overrun of Skr 4 million, bringing the total to Skr 87.82 million (see Table 7 ). This situation could arise if the method used for supplying the whole coalition involved components that would not be cost-effective in any smaller coalition; for example, the large fixed costs required for an interbasin transfer project. In fact a project of this nature is currently under construction in Sweden, and the costs are already substantially' more than predicted.
Comparing the new allocations with the old (Table 6) This section describes the procedure used to determine the capital costs of pipes and pumps necessary to supply the required amounts of water to the demand points shown in Table A 
